Parametric representation of open quantum systems 
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We propose an approach to the study of open quantum systems based on a parametric repre- 
sentation of the principal system. The representation is obtained introducing generalized coherent 
states for the environment, and is such that the evolution from a fully quantum environment to 
a classical one can be inherently followed. The method is applied to the specific case where the 
principal system is a central qubit and the environment is a surrounding ring of interacting spins, 
with the overall Hamiltonian being that of the s — 1/2 Heisenberg star with frustration. In this 
case the quantum character of the environment, embodied by the total spin S of the ring, can be 
physically varied by acting on the ratio between the couplings entering the Hamiltonian, and for- 
mally followed by increasing 5*. We find that when the star is in any of its eigenstates, the qubit 
behaves as if it were under the effect of an external magnetic field, whose direction in real space 
is set by the variables defining the environmental coherent states, and is hence broadened accord- 
ing to their quantum probability distribution. When the quantum character of the environment 
is reduced, such distribution becomes narrower, finally collapsing into a Dirac-<5 as S — > oo. The 
entanglement between the central qubit and its environment remains well defined even in this limit, 
where it comes across as the binary entropy of the 27r-normalized Berry phase characterizing the 
dynamics of a qubit in an adiabatically precessing magnetic field. 
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I. INTRODUCTION 

Quantum systems with an environment are usually 
referred to as open quantum systems (OQS). Despite 
having been extensively studied since the very birth of 
quantum mechanics, the relevance acquired recently by 
certain features (such as coherence and entanglement) 
have boosted further the interest towards their behaviour 
PJ [2] . The description of an OQS in terms of the corre- 
sponding reduced density matrix, defined as the partial 
trace over the Hilbert space of the environment of the 
density matrix of the overall system, is axiomatically ex- 
act and fully retains the quantum character of the envi- 
ronment, making it the preferred approach, particularly 
in the realm of quantum information theory and com- 
putation [2 15- However, there exists another approach 
to OQS, where the principal system is in a pure state, 
but under the effect of a local Hamiltonian depending on 
"external" parameters, whose presence testifies the ex- 
istence of a surrounding environment. At the heart of 
this approach, hereafter called "effective" , stands the ap- 
proximation that the environment be classical, so that 
the operators acting on its Hilbert space are replaced by 
c-number parameters; in this way, the interaction Hamil- 
tonian is reduced to an effectively local one for the sole 
principal system. The prototypical example of this the- 
oretical scheme is that of a spin in an external magnetic 
field, but many other examples can be easily spotted. 
Whenever dealing with one such situation, we will re- 
fer to the principal system as being "closed", according 



to the definition given in Ref. [1J and most often used in 
the literature. Notice that a closed system is not isolated, 
despite being described by a pure state. 

In the exact and effective approaches sketched above, 
the environment is thus either fully quantum or com- 
pletely classical. Aim of this work is that of devising 
a method for studying OQS such that an interpolation 
scheme becomes available, where the quantum character 
of the environment can be varied without affecting that 
of the principal system. 

Being inspired by the representation which is typically 
used in quantum chemistry [5], where the electrons are 
described in terms of pure states parametrically depen- 
dent on the nuclei's coordinates, we devise a procedure 
for constructing a parametric representation for whatever 
OQS based on the use of generalized coherent states for 
its environment. This procedure is hence implemented in 
the case of a specific spin model, namely the spin-i star 
with frustration [HJ [7]: this system belongs to the large 
family of the so-called "central-spin" models, which have 
been extensively studied , since they describe mag- 

netic interactions that play a relevant role in the physics 
of promising candidates for the realization of nanodevices 

[ZErEE]. 

The parametric representation, besides providing an 
original insight into the physical behaviour of the above 
spin model, prove suitable for dealing with peculiar geo- 
metrical effects such as the Berry's phase[29l [30], and 
allows us to confront a very relevant topic pertaining 
OQS, namely the intimate connection between geometric 
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aspects of quantum mechanics and entanglement [5TT I32j . 
as thoroughly discussed in the final part of the paper. 

II. THE PARAMETRIC REPRESENTATION 
WITH COHERENT STATES 

Let us consider an isolated system in a pure, normal- 
ized, state 1^/): the system is made of a principal system 
A and its environment B, with Hilbert space Ha and 
Hb, respectively, both of finite dimension. Given two 
orthonormal bases {\a)} C Ha and {\(3}} C Hb, it is 
I*) = Ea,9 c a^|a)|/3). Aimed at devising the interpo- 
lation scheme mentioned in the Introduction, we under- 
stand that describing the environment in terms of contin- 
uous parameters, rather than with a set of discrete ones, 
can be rewarding. The idea of introducing proper "en- 
vironmental coherent states" naturally follows, and we 
accomplish it by resorting to the group-theoretical con- 
struction proposed by Gilmore (see Ref.[33] and refer- 
ences therein). Let the total environmental Hamiltonian 
be Hb + Habi where the first, local, term contains oper- 
ators acting on Hb, while the second, interaction, term 
contains operators acting on Ha ®Hb- We assume Hab 
is a linear combination of tensor products of operators 
acting on Ha and on Hb , as is the case in most physical 
situations. Let G be the dynamical group in terms of 
whose generators we can write the environmental Hamil- 
tonian, and g be its algebra; the Hilbert space Hb is given 
by the specific physical set up and is associated with a 
unitary irreducible representation of G. The choice of a 
reference state |/3o) £ Hb fixes: i) the maximum stability 
subgroup F C G, i.e. the set of those operators / such 
that /|/3 ) = e iA/ |/3 ); H) the quotient G/F, such that 
any g £ G can be locally decomposed as g = fi/, with 
/ £ F and £1 £ G/F. Generalized coherent states |fi) are 
eventually defined as = f2|/3o), with il £ G/F; they 
can be normalized, and form an overcomplete set in Hb , 
i.e. 

|d M (Q)|Q)<fi| = 1 Hb , (1) 

with d/i(f2) a proper group-invariant measure in G/F, 
and (0|fi') ^ (5(0 — Q'). Using the above resolution of 
the identity in Hb, the state of the total system can be 
written as 

I*) = J d M (0) x *(n)|QM(fi)) , (2) 

with 

l$(n)> = -5^ , (3) 

x (^) a 

/ (fi) = ^{Sllflccp , (4) 

P 

x * ( n) = e *A(n) Ryjm 2 , (5) 



where e lA ^ a ' represents the gauge freedom pertaining the 
definition of the coherent state |fi). Each ket |0*(fi)) is 
a normalized element of Ha and therefore represents a 
physical state for the principal system. By parametric 
representation of A we will hereafter mean its descrip- 
tion in terms of the pure states {|^(f2)}}: the depen- 
dence of \4>a(Q)) on the parameter Q is the fingerprint 
that an environment exists. Actually, it can be easily 
shown that \4>a) depends on the parameter if and only 
if the global state |'J / ) is entangled: it is the entangled 
structure of |^) that causes the dependence on fl to be 
conveyed from the environment to the principal system, 
thus resulting as the ultimate responsible for the emer- 
gence of phenomena related with the geometrical prop- 
erties of the parameters space, as shown below in the 
case of the Berry's phase. The normalization of |^) im- 
plies / dAi(^)|x*(^)| 2 = 1, allowing |x*(0)| 2 to be inter- 
preted as a probability distribution on G/F, which turns 
out to be the phase space of the environment under rather 
general assumptions 33 ; indeed, by a simple calculation 
it is immediate to show that |x*(f2)| 2 is just the Husimi 
Q-function of the environment reduced density matrix 

The resulting picture for the principal system is that 
of a continuouos collection of pure, parametrized, states 
whose occurrence is ruled by a probability distribution 
over the phase space of the environment. The relation 
Tr B [-] = I d/x(0)(0| • holds [31], yielding, for the 
reduced density matrix of the principal system, pa = 
fdfi{n)\x{tt)\ 2 \(l)(n))((f)(n)\, and hence 

(O) = Tr A { PA 0) = J d M (O)| x (O)| 2 (0(O)|O|0(O)> , 

for any principal-system observable O. The above con- 
struction allows us to treat the principal system and its 
environment in a very different formal scheme: in fact, 
and at variance with other related works [TT| [35] . coherent 
states are here exclusively adopted for the environment. 
This makes the approximations which naturally arise in 
the coherent state formalism available for describing the 
environment, but it also prevents the principal system 
from being affected by those same approximations, which 
is, as shown below for the classical limit, an essential fea- 
ture of our approach. 

Before ending this section, we notice that any resolu- 
tion of the identity in the Hilbert space of the environ- 
ment defines a parametric representation for the principal 
system. However, if the resolution implies summing over 
a set of discrete indexes, the representation coincides with 
that obtained by the Schmidt decomposition. It is indeed 
the possibility of using continuous parameters (which im- 
plies introducing a proper quantum phase space for the 
environment) that gives the above construction a surplus 
value. To this respect, the construction of the parametric 
representation described above can be both generalized, 
referring to approaches to quantum mechanics on phase 
space m\ that go beyond the theory of coherent states, 
and made more specific, whenever continuous variables 
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different from those related to coherent states emerge in 
dealing with specific types of environment |37[ 138] . 



III. THE SPIN- 1 STAR WITH FRUSTRATION. 

We apply the above formalism to the specific physical 
situation where a spin 1/2 (er/2, hereafter called qubit) 
interacts with an even set of N spins 1/2 (sj hereafter 
called environmental spins) via an isotropic antiferro- 
magnetic coupling |6j [7j. The environmental spins in- 
teract among themselves and the total Hamiltonian is 
that of the so-called "spin-1 star with frustration", 



H = Hb + Hab i 



N 



Hab = 



9_<^ 
2N 2 



(7) 
(8) 
(9) 



where i runs over the sites of the external ring. As men- 
tioned in the introduction, the spin-1 star with frustra- 
tion belongs to a class of "central-spin" -like models that 
have been extensively studied in the last decade. With- 
out entering a detailed case study, which goes beyond 
the scope of this paper, we underline that the spin-1 star 
with frustration posseses the most welcome property of 
allowing the quantum character of the environment, as 
measured by the total spin of the ring, to be varied act- 
ing on the ratio k/g (usually referred to as the frustration 
ratio), as discussed below. Moreover the model is exactly 
solvable and analytical expressions of its eigenstates and 
eigenvalues are available [6]. 

Let us here briefly review the main known facts about 
the spin-1 star with frustration, Hamiltonian ([7|-([9|: the 
integrals of motion are the total Hamiltonian H , the local 
environmental Hamiltonian Hb, the square J 2 of the to- 
tal angular momentum J = cr/2 + s,, its component 
along the quantization axis, J z , and the square S 2 of the 
total spin of the environment S = Sj, with the respec- 
tive eigenvalues E, kE B , J(J+1), M, and 5(5 + 1); it is 
also useful to define m as the eigenvalues of the compo- 
nent S z of the total environmental spin S. The relations 
J = 5± | and M = m± | hold. The total spin 5 ranges 
from to N/2. Apart from the state with 5 = 0, which 
has energy kEs , for each assigned value 5 > the energy 
spectrum consists of the two multiplets 



E- 



kE F 



_9_ 

2N" 



S 



= kE B -^(S + l) 



(10) 
(11) 



the lowest eigenvalue of Hb obeys the Lieb-Mattis order- 
ing [39], E B {S) < E B (S + 1), and the competition be- 
tween the two terms in Eq. ( 11 ), embodying the antifer- 



romagnetic frustration of the model, makes the ground- 
state (GS) of the star belong to the E- multiplet with a 



value of 5 that varies with the frustration ratio k/g. In 
fact, for < k/g < 1/4 = a , the GS has 5 = N/2 while, 
when k/g increases, there exists a sequence of critical val- 
ues a n , n=l, (N/2 - 1), such that 5 = N/2 - n for 
a n -\ < k/g < a n , and 5 = for k/g > ajv/2-1 >> 1- 
Notice that the critical values a n depend on N, with the 
exception of «o which equals 1/4 for all N. The basic 
structure of the eigenstates belonging to a subspace with 
fixed 5 is 



l*M> 



|t)|m_) 



b ± M \\)\m + ) 



(12) 



where |f, I) are the eigenstates of a z , \m±) are the eigen- 
states of S z with eigenvalues m — M ± 1/2, and the 
apex ± refers to the state having energy E±. Introduc- 
ing 5=5 + 1/2, the coefficients are 



± 



1 



V2 



•l± 



M 
5 



J M 




(13) 



yielding a — ±6^. The entanglement between the qubit 
and its environment for the states (12), as measured by 



the Von Neumann entropy, is easily found to be the same 
for both multiplets and to depend just on the ratio M/S, 
according to 



£<rs = -h 



1 - 



M 
S 



(14) 



where h[x] (0 < x < 1) is the binary entropy xlogx + 

(l-a01og(l-a0. " 

We construct the parametric representation of the 
states ( 12 ), each having 5 fixed, by identifying S = J^i s i 
with the environment and er with the principal system; 
the dynamical group G to be employed in the generalized 
coherent state construction is therefore SU (2) , with T~Lb 
its spin— 5 irreducible representation. We choose the ref- 
erence state |/3 ) to be the maximal weight of the spin 5- 
representation, i.e. |/3 ) = |m = 5) € Hb, so that U(l) 
is the maximum stability subgroup F, eventually end- 
ing up in the Bloch coherent states |f2), whose expansion 
over the S z basis <E Hb is (using the conventions 

of m) 



= ,CS--C*S + l™ _ e\ = 



=s)= Yl 



(S-m)<p 



m=-S 



where S ± = S x ± iS y , C = f e itp , 



9m(0) 




, a S+m 



S-m 



m) , 
(15) 

(16) 



and tt = (6, if) is a point of the 5 2 ~ SU{2)/U(\) 
sphere. The resolution of the identity reads 1% B = 
(S/2w) JdD,\n)(n\, where dfl = sin0d0d<^ is the eu- 
clidean measure on the S 2 sphere. From the definitions 



4 



([2])-([5]) and the expansion (15), we can explicitely write 
the states ( 12 ) as 



I*m) = ^ / <l()\ w (0||5);.| ( ._ w ((),: . (in 



where 



x % (SI) = e^- M ^J[a%g M _ h {6)Y + Kqu+M 



and the qubit parametrized states are 



2 

) 

(18) 



6±(Q)) = cos 



|t>+sin(^f^)e^||) , 
(19) 

where & M (9) are the solution with respecto to 6 of the 
equations 

, 6 (, 6m\ 1 , 9m .0 , ori -, 
tan — = I tan — - I tan — - cot - , (20) 




(a)p M (6) for varying S and 9 m 



• e z * 



and #m = axcos(M/S). The parametric representation 
of the qubit is provided by the kets (19), each corre- 



(b)M = 9/2 (c)M = 3/2 (d)M = -3/2 (e)M = -9/2 



sponding to the physical state the qubit is in, when the FIG. 1 



total system is in \^m) and the environment is the co- 
herent state |f2). As |xm(^)I does not depend on ip, the 
f2-occurence is ruled by the (9-normalized probability dis- 
tribution S sin(9)\x M (Sl)\ 2 = p M (9). In the upper panel 
of Figjljwe show p M {9) for different values of M/S; the 
values of S are chosen so as to consistently correspond to 
half-integer M. Two effects clearly testifies that we are 
dealing with a quantum environment: the finite width of 
the distribution and the position shift of its maximum 
with respect to 9m- When the quantum character of the 
environment is reduced, i.e. S is increased with M/S 
fixed, both quantities lessen. Notice that the above shift, 
and consequently the shape of p M (9), markedly depend 
on M/S, due the distribution being defined, and normal- 
ized, on the compact support [0,7r]. 



The probability distribution of the qubit states ( 19 ) 
on the Bloch sphere, parametrized by and ip, is the 
integrand of Eq.Q with O = \((>m){4'm\^ an d reads 
7r^(0, ip) — p M {0), with and 9 connected by Eq.pO). 



When the total system is in its GS multiplet, it is easily 
seen that = 7r — 9 for all values of M. The lower panel 
of Figjl] shows n M (0, ip) — p m (tt — 0) for M/S as in the 
upper panel, and 5 = 5 (each sphere is below the corre- 
sponding distribution); the angle 9m is identified by the 
black line of latitude. The conditional probability distri- 
bution for the qubit to be, say, in the state reads 



.2 ©mW 



(21) 



In the case of the GS multiplet, despite \<p M (Sl)} being 
independent on M, due to 07^ = it — 9 for all M, the 



conditional probability distribution (21) inherits the de- 



Upper panel: p M (6) for * = A, A, -A, -£ (from 
left to right) and 5=5,16,27,38,49 (from below); the vertical 
dashed lines mark the corresponding values of 6m ( see text), 
each identified by a given color. Lower panel: qubit-states 
distributions, tt m (tv — 8, ip), on the Bloch sphere for S = 5 and 
9m as in the upper panel. A black line of latitude marks 9m 
on each sphere, and the corresponding value of M is reported 
below. 



y-'T (6) 




pendence on M from the environment, as cleary seen in 



FIG. 2: Conditional probability distributions for the qubit to 
be in the |f) state when the total system is in its ground state. 
Values of S and M/S, as well as dashed lines, as in Fig. 1. 



Fig(2] Notice that the dependence on M accounts for the 
antiferromagnetic character of the interaction term ^ 
by representing the counteralignmcnt of the qubit with 
respect to the total environmental spin. Let us now fur- 
ther comment on the parametrized qubit states ( |19[ ) : the 
kets \(f> M (Sl)) are apparently identified as ground ("-") 
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and excited ("+") states of proper Zeeman terms, whose 
explicit form can be obtained by requiring that their cor- 
responding energy, according to Eq.Q, be equal to the 
interaction energy (\I> M \Hab\^m) = ^± — kEs = e ± . 
Therefore, from 



d M (o)|x(o)| 2 <0(o)|^(n;M)|0(n)> = \Hab\*%) 



we define the effectively-local parametric Hamiltonians 



H±(0;M) = e ± --n ± (n;M) , 



(23) 



with n ± (57;Af) = (sin <d M cos tp, sin <d M sirn^, cos 9 



'Mil 

Q M from Eq.([20j), and e ± = ±g(S T l)/2N. The above 
result is readily interpreted by saying that when the star 
is in one of its eigenstates, the qubit behaves as if it were a 
closed system under the effect of a magnetic field whose 
direction is distributed according to the environmental 
quantum probability |x^/(^)| 2 . This also provides a key 
to the reading of Figjl] whose lower panel visualizes the 
qubit response to the application of a field with direction 
distributed as shown in the upper panel. Picturing the 
qubit in terms of the above "effective" magnetic field, one 
is naturally led to the last part of our work, namely the 
crossover from a quantum to a classical environment. 



IV. THE LARGE-S LIMIT. 



From a direct calculation one can see that the envi- 
ronmental probability distribution p M (0) is the properly 
normalized Q-representation of the environment density 
matrix and that 



); 



(24) 



this means that when the environment is driven to its 



classical limit, the qubit parametrized states (19) col 



lapse into the GS and excited state (according to whether 
the original state belonged to the GS "-" or excited "+" 
multiplet) of the effectively local Hamiltonian H£ = 
^cr-n^M, tp), which is consistently recognized as the op- 
erator the two effectively local Hamiltonians H~ (fi; M) 
collapse into, as 9 — > 8m- Notice that S — > oo implies 
S/N — > 1/2, so that e ± consistently converge to the 
physical coupling g. The local "qubit in a field" Hamil- 
tonian is hence derived from the non-local model of an 
OQS, namely a qubit interacting with a magnetic en- 
vironment via an isotropic quantum Heisenberg-like in- 
teraction, when the classical limit of the environment is 
taken. Despite such conclusion could be reached also by 
qualitative arguments based on mean-field and/or semi- 
classical treatments, the derivation here presented allows 
us to exactly obtain (rather than taking them as phe- 
nomenological parameters) the polar angle of the field 
direction and the intensity of the effective magnetic field, 



which indeed depend on the quantum number M of the 
state the global system is in, l^^f), and the interaction 
coupling g, respectively. 

The formal content of the above discussion allows us to 
take our last step forward and relate the entanglement of 
I^m) ^0 the Berry's phase emerging in the corresponding 
effectively-local model. Let us first remind that the envi- 
ronmental coherent-state probability distribution, p M {6), 
(22) does not depend on tp, which is therefore left undeter- 



mined by the choice of the eigenstate |^^)- On the other 
hand, tp enters the expression of the qubit parametrized 
states ( 19 ), which means that an evolution of the environ- 



mental coherent states such that 6 = const and tp varies, 
despite leaving the state of the global system unchanged, 
makes the qubit states evolve accordingly. Indeed, one 
such internal evolution corresponds, in the large-S" limit 
where the effectively local Hamiltonian is defined, 
to the adiabatic precession of h around the z axis, and 
give rise, when closed paths are considered, to a Berry's 
geometric phase that reads 



7± = Tt(1 ~ cos B M ) 



(25) 



where the ± sign refers to the qubit being in the ground 
or excited state of H„. On the other hand, the entan- 
glement between the qubit and its environment when the 



star is in any of the states \^ M ) is, from Eq. (|14|) 



£as = -h 



7± 
2tt 



(26) 



i.e. the binary entropy of the 2tt normalized Berry' phase. 
Notice that, being h[x] = h[l — x], the dependence on ± 
is not transferred into the entanglement, as it must be 
the case, according to Eq.(14). 



We understand the above result as follows: When we 
describe the system in terms of only one quantum sys- 
tem (the qubit), effectively reducing the environment to 
an external field which is treated at a classical level, we 
can no longer speak about entanglement (there cannot 
be entanglement if a system is not composite). How- 
ever, the entangled structure of |^) M causes the depen- 
dence on ip to be conveyed from the environment to the 
qubit, so that a parametric dependence survives also in 
the large- S limit and makes the emergence of the Berry's 
phase possible. To this respect, notice that </?-paths in 
the parameters space that give rise to no Berry's phase 
[Qm = 0, vr) consistently derive from separable states in 
the original fully-quantum mechanical description. 

The result embodied by Eq. ( 26 ) pertains to the analy- 



sis of the relation between geometrical properties of quan- 
tum systems and the structure, or dynamical evolution, 
of their states [3TJ [35] . Of particular relevance, in the 
context of this work, are studies about the relation be- 
tween Berry's adiabatic phases, and geometric projec- 
tive phases [ID], possibly arising in composite systems, 
and the entanglement relative to their partitions |41H44j : 
equally relevant are the non-Abelian generalizations of 
geometric phase [IS] in the case of mixed states under- 
going both unitary and non- unitary evolutions |46[ I47j . 
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In order to accurately collocate our result in the overall 
picture, let us further comment upon its general meaning. 

For the behaviour of a physical system to be possi- 
bly characterized by the emergence of geometrical effects, 
some geometrical space to be explored must exist. This 
can happen in two distinct physical setups: i) An OQS 
is described by an effective approach, i.e. in terms of a 
local parametric Hamiltonian, in which case the geomet- 
rical space is that of the Hamiltonian parameters, ii) An 
isolated system is prepared in a pure state which is not 
an eigenstate of its Hamiltonian, and unitarily evolves 
accordingly, in which case the geometrical space is the 
Hilbert space of the system itself. Notice that this second 
situation implies a preparation procedure based on an 
interaction between the system and some environment, 
such that the system is in a pure state after the procedure 
has completed. From the above statements a somehow 
puzzling picture emerges in the case of an OQS which 
is part of an "all-along isolated" system, by this mean- 
ing an isolated system which is in an eigenstate of its 
Hamitonian. In fact, geometrical effects can character- 
ize its behaviour as obtained by the effective approach, 
but indeed have no formal placement in its exact descrip- 
tion, as there is no geometrical space to be explored. On 
the other hand, the entanglement properties that char- 
acterize the exact description, formally have no meaning 
when the effective approach is adopted, as there cannot 
be entanglement with a classical environment. There- 
fore, neither of the above schemes can validate a proce- 
dure for relating the entanglement between parts of an 
"all-along isolated" system, and the geometrical effects 
possibly arising in the behaviour of any of such parts. In 
the parametric representation, which provides an inter- 
polating scheme between the two approaches, the above 
procedure becomes available in the form of a crossover 
from a quantum to a classical environment, and, in the 
case of the spin system here considered, a relation as 
strict as that embodied by Eq.(26l finally emerges. 



its environment. In fact, in the specific case of the spin- 



star here considered, Eq.(26l establishes that the entan 



V. CONCLUSIONS 

From a general perspective, this work clarifies why 
modelling a closed quantum system with a parametric 
Hamiltonian implies the existence of an environment 
("the rest of the Universe" to use Berry's words [3D]) and 
shows that a non-trivial parametric dependence can arise 
if and only if such environment is entangled with the sys- 
tem itself. One of the most relevant consequence of the 
above statement is that the emergence of observable (i.e. 
gauge-invariant) quantities which are not eigenvalues of 
Hermitian operators of the system under analysis, such 
as the Berry's phase, turns out to be related not only 
to the fact that an environment exists |48j . but specifi- 
cally to the condition that the system be entangled with 



glement between the qubit and its environment can be 
determined by measuring the observable Berry's phase 
characterizing the related model of a closed qubit in a 
magnetic field, which suggests a possible way for exper- 
imentally access entanglement properties via the obser- 
vation of gauge-invariant phases. 

We conclude by mentioning some possible develop- 
ments of this work that we think are worth pursu- 
ing. First of all, one might exploit the peculiar proper- 
ties characterizing the dynamics of generalized coherent 
states, in order to relate a possible dynamical evolution 
of the global system to that of the principal one. In- 
deed, the formal scheme here presented opens the pos- 
sibility of using well-established approaches for dealing 
with quantum dynamics in phase space, such as the the 
path-integral formalism, the adiabatic perturbation the- 
ory, or the Born-Oppenheimer approximation, as tools 
for taking into account the effects of the environment on 
the principal system and vice versa [13] H5H52"] . To this 
respect, notice that the approach here presented can be 
equivalently implemented in terms of generalized coher- 
ent states of any type, so that different physical systems 
can be taken into consideration [33], such as those belong- 
ing to the spin-bosons family. As for the spin-^ star with 
frustration, it is worth mentioning that different types of 
interaction between the environmental spins, in particu- 
lar the antiferromagnetic Lieb-Mattis and Heisenberg-on- 
a-square-lattice ones, define exactly solvable models [53] 
that can be treated in the very same framework here 
proposed. This expands the set of real physical systems 
where to look for a possible experimental analysis of our 
results. Finally, we find particularly intriguing the idea of 
effectively studing the spin- g star with frustration model 
by quantum simulators (see e.g. Ref.JS^ and references 
therein, and Refs. 55, 56 ): In fact, the possibility of tun- 
ing the interaction parameters, which is recognized as one 
of the key features of quantum simulators, might allow 
the variation of the value of S, by acting on the frus- 
tration ratio fc/g, thus giving access to an experimental 
analysis of the crossover from a quantum to a classical 
environment. 
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